A NOTE ON THE CANONICAL DIVISOR OF 
QUASI-HOMOGENEOUS AFFINE ALGEBRAIC VARIETIES 



UMAR HAYAT 

Abstract. We give a necessary and sufficient condition for the canonical di- 
visor to vanish on a quasi-homogeneous affine algebraic variety. 



1. Introduction 

Let G be a reductive algebraic group and V a complex representation of G. Let 
H C G he the stabiliser of a vector v ^ V. The variety flo :— G/H — G ■ v C 
G/H = il.cVisa homogeneous space with a natural left G- action. We assume 
throughout that f2o in ^ has complement of codimension > 2, or equivalently that 
the orbit fig intersects every divisor (irreducible subvariety of codimension one) of 
fi. Under this assumption, we say fio is a big open orbit. 

Suppose [jUi is an open cover of ^Iq. If Kq^ = then a global generator 
cr G 0{K) can be written on each Ui as 

a = (d^i A • • • A d^n)/h 

where are the coordinates and fi is an invertible function onUi. We can use this 
representation in calculating examples, although it does not play any role in the 
general statement and proof of our main result Theorem 13. II 

2. Vector bundles on G/H 

We can think of the quotient space G/H as the base space of a bundle. The group 
G is the total space for this bundle with a standard projection map tt: G — > G/H 
that takes g to the coset g = gH . Each coset gH G G/H is fixed by gHg~^ 
under the transitive action of G on G/H. For each g, we denote the fibre over g 
by TT~^{'g), which is a copy of H. We can think of the total space of the bundle 
as a family of copies of H, parametrised by points of the base space. This bundle 
is called a principal i7-bundle. See |DeiOO[ IFH911 |Hum75| and jNakQOi Chapter 9] 
for the construction of vector bundles and line bundles on G/H and properties of 
their Lie algebras. 

Let p be any representation of H on a vector space E. We construct a G- 
equivariant vector bundle over G/H with fibre E as follows. We quotient out the 
product space G x by the following action of H: 

{g,e)e{G,E)^{gh,pih-^)e). 

We denote this quotient space hy G Xh E. It is a vector bundle because the fibre 
over each point Tj <E G/H is a copy of the vector space E. In general we can think 
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of a vector bundle as a family of vector spaces of same dimension, parametrised by 
the base space. In particular each one-dimensional representation of H gives us a 
line bundle. 

To summarise the discussion above, let C be the category of G-equivariant vector 
bundles on G/H and V the category of representations of H. For a given functor 
F : C ^ T) and an equivariant vector bundle E over G/H we get a representation 
of H on the fibre [H], where [H] is the identity coset. On the other hand, given 
a functor G:V — > C, we can get a vector bundle over G/H for a given finite 
dimensional representation E oi H . 

We denote Lie algebras of G and H hy q and f) respectively. The tangent bundle 
Tg/h to G/H comes from the representation where g/f) is the tangent space 
to G/H at the identity H. The tangent space to any other gH G G/H is given by 

top 

Q/g^g^^- The top wedge of the tangent bundle /\Tq/h gives rise to the anticanon- 
ical line bundle. It can be expressed as the product of those weights of G which are 
not weights of H. The canonical class Kq/h of the variety G/H comes from the 

dual '°I\T^/H- 

Remark 2.1. The tangent space to G/H at [H] is g/f). This corresponds to the H- 
module q/\) where H acts on q/\) by the adjoint action. The line bundle corresponds 

top 

to M — A'^G/H which H acts as a character k: iJ — > C*. We consider the line 
bundle Kx as a G-equivariant sheaf that corresponds to k. 

3. Statement of the main result 

Let G be a connected reductive algebraic group, T a maximal torus of G such 
that Th — TnH be the maximal torus of H where 77 is a closed connected subgroup 
of G. 

Now we are ready to state and prove our main result. 

Theorem 3.1. The canonical class Kq/h of the homogeneous space G/H is trivial 
if and only if the action of the restricted torus Th on g/i) has trivial determinant. 

Proof. The first observation is that the category C of G-equivariant vector bundles 
on G/H and the category V of representation of H are equivalent; see for example 
[DeiOO] . page 1. 

Since M has rank 1, it is trivial on the commutator [H,H\ and actually a rep- 
resentation of the abelianisation Ha = H/ [i?, H] . Now, every connected abelian 
affine algebraic group is isomorphic to the direct product of Gu x Gg where Gu is 
a connected group whose elements are all unipotent and Gg is a connected group 
whose elements are all semisimple, see |Sha95l Chapter 1]. Also since G„ is unipo- 
tent so it has no nontrivial characters. Furthermore Gg is isomorphic to a direct 
product C* X ■ • ■ X C* of groups isomorphic to the multiplicative group C*. In this 
case G„ is isomorphic to a product C"*" x ■ • • x C+ of groups isomorphic to the addi- 
tive group C"^. Therefore the abelian group Ha is isomorphic to a product V y.Ti 
of a vector space and a torus Ti, where V = C+ x • ■ • x C"*" and Ti = C* x ■ • • x C*. 

If Th — T n H is the maximal torus of H for some choice of T then the natural 
map Th Ti is surjective; see [Hum75|, p. 136] and result follows because we want 
M as an module on which H acts as a character but Th Ti is surjection so 
it is enough to take the action of Th on M which acts by determinant. 
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4. Examples and further applications 



H = 



It is well known that a scheme is called Gorenstein if it is Cohen-Macaulay and 
the canonical divisor K is Cartier. Theorem 13.11 provides an alternative way in 
terms of representation theory to check one part of a variety being Gorenstein. 
We give two examples that illustrate Theorem 13. 1[ by satisfying its hypothesis and 
being Gorenstein. 

4.1. Secant variety of the Grassmannian Gr(2,n). We denote by 
n — Sec^(Gr(2, n)) the second secant variety of the Grassmannian Gr(2, 5) in its 
Pliicker embedding, where n > 5. The affine cone flo C A is the orbit of 
w = ei A /i + 62 A /2 under the action of G = GL(n, C). The subgroup H of G that 
stabilises the v is given by 

vO(„_4)x4 *(ri-4)x(n-4)^ 

where A G Sp(4, C) and (*) means there arc no restrictions on these entries. We 
know that the Lie algebras of G and Sp(4, C) have dimension n'^ and 10, respectively, 
therefore g/f) has dimension 4n — 10. The restricted torus Th is given by 

fh ••• 0\ 
t2 ••• 



\0 ••• tj 

with tii2i3^4 ~ 1- 

Here we calculate the canonical class using action of Th on g/[), when we take 
the action of Th on there are a total of 4n — 10 weight spaces for Th- There 
are six weight spaces with weight 1. The product of the remaining weights is given 

by 

(^5 • • • tn) 

We know that in case of the restricted torus tit2t3t4 = 1, hence the canonical 
class Kg/h of the second secant variety is a multiple of (^5 . . .<n)^ which is the 
determinant of the restricted torus Th- This verifies the determinant condition 
from theorem |3JJ 



4.2. Rational normal curve. Suppose G — GL(2, C) acts on . We are consider 
orbit of the highest weight vector ei. In this case = G/P = P(G • ei), where 

Let Xk : -P — s> be the character for P given by a\i and the kernel that 
corresponds to this character is given by 



* 



where /ifc is a primitive /cth root of unity. We can give coordinates on one affine 
piece by Q/\)k- We want to calculate the product of the weights that are only 
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weights for G but not of Hk under the action of the torus Th C G on 5/ fife, where 
Q and f)fe denote the Lie algebras of G and Hk respectively. 
The maximal torus 



T 



H 



ti 
t. 



acts on 
by 

and we get 





1 



1 



1 



as weight vector with weight — , where 

ti 



1 

is the wcnght vector for G and not for H . As we know that Xk is the character for 
P, when wc restrict this to the maximal torus then this character is given by t'l- 
We can see that the canonical differential is a multiple of the trivial determinant of 
the Th exactly when A; = 1 or 2. 
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